Adapting to general quadratic loss
via singular value shrinkage

Takeru Matsuda
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Shrinkage estimation: from vector to matrix
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Sequence estimation: from univariate to multivariate
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Abstract

iNN(ei,FJZI) 221,2,
0cO(B R {Za20TR 19, < 1}

@ Efromovich and Pinsker (1984): For p = 1, the blockwise
James—Stein estimator is adaptive minimax over the Sobolev
ellipsoids

» “crowning result for linear estimation" (Johnstone, 2011)

3
@ This study: For p > 1, the blockwise Efron—Morris estimator is
adaptive minimax over the multivariate Sobolev ellipsoids
» adaptation not only to unknown smoothness and scale but also
to arbitrary quadratic loss

@ paper: M. (IEEE Transactions on Information Theory, 2024)
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Singular value shrinkage and
Efron—Morris estimator
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Stein’s paradox

X ~ Nu(p, In)

@ estimate u based on X under quadratic loss || — pu|?
@ Maximum likelihood estimator fiyre(x) = x is minimax.

Theorem (Stein, 1956) J

When n > 3, fimLe(z) = z is inadmissible.

@ Shrinkage estimators dominate k.
@ e.g. James-Stein estimator (James and Stein, 1961)

R n—2
pste) = (1- 57 ) :
Bllas(e) P < Elfnaste) —ulf =~
@ JS shrinks z toward the origin. IS

origin
an o
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Risk function (n = 10)
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@ JS attains large risk reduction when p is close to the origin
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Efron—Morris estimator for normal mean matrix

X ~Npp(M, I,,I,) & Xu~N(Mgy,l)

@ estimate M based on X under Frobenius loss

n p
LM, 51) = |0 = M2 = 33 (Wi — Mai)?
a=1 =1

@ Efron—Morris estimator (= James—Stein estimator when p = 1)
Mem(X) =X (I, — (n—p—1)(X"X)™")

Theorem (Efron and Morris, 1972)
Whenn > p + 2, Mgy is minimax and dominates MMLE(X) = X.

@ Stein (1974): Mg shrinks singular values separately.
n—p—1

o) = (1= "B ) o0
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Risk function (rank 2)

oen=10,p=3,01(M)=20,03(M)=0
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@ Mgy works well when a5 (M) is small, even if oy (M) is large.
» Mjgs works well if | M2 = o1(M)?+09(M)? +03(M)? is small.

9/27



Risk function (rank 1)
on=10,p=3,02(M)=03(M) =0
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@ Mgy has constant risk reduction even if oy (M) is large.
@ Therefore, MEM works well when M is close to low-rank.
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Minimaxity of EM under matrix quadratic loss
@ How about matrix quadratic loss ?

L(M,M) = (M — M)" (M — M) € RP*?

Theorem (M. and Strawderman, 2022)

Whenn > p + 2, MEM dominates MLE under matrix quadratic loss:

En[(Men — M) T (Mey — M)] = nl, — (n — p — 1)*Ep[(X X))
<nl,

@ Therefore, MEM is minimax under arbitrary quadratic loss:
Epltr(May — M)Q(Mey — M)T] < ntr(Q), Q> O
» @ = I, Frobenius loss

» Q=cc': |Mc— Mc|? (c = column weights)
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Figure 3 from M. and Strawderman (2022)

@ 20 eigenvalues of matrix quadratic risk (n = 100, p = 20)
6—1

@ rank(M) =5, 0; = 3 coy (i=1,...,5)
Efron—Morris James-Stein
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@ For Efron—Morris, “all the eigenvalues are smaller than n = 100.
In particular, the bottom 15 eigenvalues are almost constant

around 20: \g & - -+ & Agyp = 20"
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Matrix quadratic risk of Efron—Morris estimator
@ matrix quadratic risk of Efron—Morris at M = O:

En—o|(Mgn — M) (Mpy — M)] = (p+ 1)1,

Theorem (M., 2024)
Let MTM = UT AU be a spectral decomposition. Then,

Ey[(May — M) (Mgy — M)] = UT®U

with diagonal ¢ and

Ajj=0 = <I)“=p+1

@ explains the finding in the previous slide, and clarifies the
advantage of Efron—Morris for approx. low-rank M

@ Since MLE corresponds to ® = nlI,, relative risk reduction of

EM over MLE becomes more pronounced as p/n — 0
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Oracle inequality for Efron—Morris estimator

@ My = XC: linear estimator
@ For fixed M,

Em[(Mc, — M)" (Mc, — M)] = En (Mo — M) (Mo — M)]
for every C, where C, = C,(M) := (MM +nl,)'M™ M.

— Mg, linear oracle

Theorem (M., 2024)

En[(Mgn — M) (Mey — M))]
= Ex[(Mc, — M)" (M, — M)] +2(p + 1)1,

@ Mgy attains almost the same risk with linear oracle!!
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Oracle inequality for Efron—Morris estimator

Theorem (M., 2024)

Ene[(Mey — M) (Mey — M)]
< En[(Mc, — M)T (Me, — M)] +2(p + 1)1,

Corollary

Ene[(Men — M)Q(Mgy — M)
< Ey[(Mc, — M)Q(Mc, — M) +2(p+ 1)tr(Q), Q= O

-} MEM attains almost the same risk with linear oracle under
arbitrary quadratic loss!!
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Oracle inequality for Efron—Morris estimator
@ @ = I, (Frobenius loss), 01(M) =--- =0,(M) =0
@ solid: Efron—Morris
@ dashed: oracle risk + 2(p + 1)tr(Q)

@ dotted: oracle risk + (p + 1)tr(Q) (conjectured upper bound)
» When p = 1, this conjecture is proved by using Poisson mixture
representation of noncentral chi-square (Johnstone, 2011)
» How about noncentral Wishart ??
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Adaptive minimaxity of
blockwise Efron—Morris estimator
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Problem setting
Multivariate Gaussian sequence model

Yi ~ Np(9i752lp)a 1=1,2,-..

@ estimation of 8 = (6;) from y = (y;) under Q-quadratic loss
» cf. weighted L2 loss in function estimation

o0

LQ(ea é) = Z(éz - Hz)TQ(éz - 01)7 Q >~ O
=1
@ risk function
Ro(8,0) = Eo[Lq(8,0)]

@ When p = 1, it reduces to usual Gaussian sequence model

» canonical model in nonparametric estimation (Johnstone, 2011)

» nonparametric regression, density estimation, ...
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Multivariate Sobolev ellipsoid
Multivariate Sobolev class (8 > 0, L > O)

W(B,L) = { f:[0,1] - RP /O 1 fB(2)TL72fP(z)dx < 1}

@ [3: smoothness of f
@ L: scale & correlation between fi,..., fp

Multivariate Sobolev ellipsoid (8 > 0, R = O)

@(/87 R) = {9 = (017027° :

2.0 R70; < 1}

ag; =i (i : even), (i — 1)/3 (i : odd)

e feW(B,L) & 6 e 0O(B,L?/r?) (Fourier coefficients)
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Functions in multivariate Sobolev class
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305, 2= (19) s o= (50)
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Asymptotic and adaptive minimaxity

@ We consider the asymptotics ¢ — 0 and write a ~ bif a/b — 1
Definition
0,: asymptotically minimax on ©

& supR(9,0.) ~ infsup R(9,0)
0ce 0 0co

Definition
d,: adaptive minimax over C = {6}
& 6,: asymptotically minimax on every © € C

@ note: We focus on exact minimaxity in this study
» stronger than rate-minimaxity
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Multivariate extension of Pinsker’s theorem

@ S, : projection of S € RP*P onto the positive semidefinite cone
» truncation of negative eigenvalues

Theorem (M., 2024)

For a constant k = k(g, 8, Q), the linear estimator
Op; = (I, — apikQ ") 1us
is asymptotically minimax under Lg on ©(5, Q):

sup Rg(6, ép) ~inf sup Rg(6, é) ~ P(B, Q)et/28+1)
6€0(6,Q) 0 6€6(8,Q)

@ generalization of Pinsker (1980) to p > 2
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Multivariate extension of Pinsker’s theorem

@ The proof of the minimax lower bound is based on calculating
the Bayes risk of the “least favorable" prior

0; ~ N,(0,8%V;),

Vi=¢e%a; 'k TQ(L, — aik@Q M)y, =1

@ Intuitively, the probability mass of this prior concentrates around
the “boundary"” of (8, Q) as € — 0.

@ cf. Tsybakov (2009)
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Blockwise Efron—Morris estimator

Blockwise Efron—Morris estimator HABEM
o Take sufficiently large N (e.g. e72)
@ Partition {1,2,..., N} into consecutive blocks
@ apply Efron—Morris shrinkage to each block matrix

: —1 5 .

EM shrinkage EM shrinkage EM shrinkage

oo
cee
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Adaptive minimaxity of blockwise EM
Theorem (M., 2024)

The blockwise Efron—Morris estimator éBEM is adaptive minimax
over the multivariate Sobolev ellipsoids:

sup Rq(0,0sgm) ~inf sup Rg(6,0) ~ P(8,Q)e*/P+D
0€6(8,Q) 0 6c0(8,Q)

for every 8 and Q).

@ generalization of Efromovich and Pinsker (1984) to p > 2
@ proof: use oracle inequality for Efron—Morris estimator

@ adaptation not only to smoothness and scale but also to
arbitrary quadratic loss!!
» due to singular value shrinkage of Efron—Morris estimator
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Simulation result
@ Ratio of max risk to minimax risk (p = 5,8 = 1)

@ dashed: multivariate Pinsker
@ solid: blockwise Efron—Morris
@ dotted: blockwise James—Stein
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@ Blockwise EM outperforms blockwise JS for approx. low-rank @
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Summary

@ The blockwise Efron—Morris estimator is adaptive minimax over
the multivariate Sobolev ellipsoids.

» adaptation not only to unknown smoothness and scale but also
to arbitrary quadratic loss
» M. (IEEE Transactions on Information Theory, 2024)

@ application of multivariate Gaussian sequence model??
» e.g. linear inverse problem (Cavalier and Tsybakov, 2002)
@ other nonparametric procedures??

» e.g. wavelet thresholding (Donoho and Johnstone, 1994), neural
networks (Suzuki, 2019)

@ Bayesian (or empirical Bayes) adaptation??
» cf. singular value shrinkage prior (M. and Komaki, 2015)
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