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@ Wassersteinfg : RO HMBDHEHIEI R b
BEES (BXRTHNEE & DZLE/E) DXMEE % RIE

o Kullback-Leibler¥ 4 NN—I 2V R : HHEBEORPITRT X
BEASDODEHEBLICDOWVWTAE
> [EERBMDERE (cf. FisherlFRE)

o AFEE : WassersteinfEEEN SFE I N BIRET T T IL DA
& & IRETRIHERl & DEERICDWTER
> WassersteinEEgf ICRE 3 % S5/ EE (Amari and M., 2022)
» Wassersteini@ kD6 & TDON A XFf (M. and Strawderman,
2021)
» Wasserstein—-Cramer-Rao A~ &=\ & O /32 M4E (Amari and M.,
2023)
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794X
@ N(u,0?) : I p, B8 2D IERD R

@ N(—4,1)v.s. N(4,1)

@ N(—4,4) v.s. N(4,4)

@ EELMRTDAMD L] 27
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L?-WassersteinFEgk

o RI_EDWERSD fip,, poD L?-Wasserstein ZaEk

Walps,ps) = jnf E[lIX: - Xl

> infLin,XQOJ%iﬂﬁ?ﬁfJ“pl,th7’.'326(X1,X2)0J|ﬁﬁ$§3\¥ﬁ
(Ay TV VD) IKh=3 TR

P1 p2

2023F11H1H @ IBIS2023 6/36



1RITTDIZE (d=1)
o URITTIIWLIERED AP, LZAVWTHICEITS !

Pi(z) =Pr[X; <z|, P(z)=Pr[X; <1z
o EHY T VU =BRABMEER
z > Py (Pi(z))

" P(x)
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o —fRIC2RITTLALETIEW,IFETEEE, ,
o STETZ 20 : FEHXMD ML
sop FH, D HYE,
- Bl BEBERSH
p(z | 1, %) = (det Z) 2 F(I=72(z — p)ll)
Proposition (Gelbrich, 1990)

Wa(p(z | p1, Z1), p( | p2, X2))
1/2
= (Ilul — pio|? + tr (21 5, — 2(2}/2222}/2)1/2))

o R MLk FICE B
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Kullback-Leibler¥ 4 /X\—< = > X & Fisherl§ 82

o TEEH#p,, p,DKullback—Leiblerd 1 /18— > R

Dxi(p1,p2) = /p1 (z) log i; Ei; dz

o BFTHIIC IXFisherlEiRE

Dxw(p(z | 6),p(z | 0 +0)) = %5TGF(9)6 +o(]l]1*)

0
log p(x | 0) =5 logp(z | 0)

0
Gr(0)i; = Eq [ 90
J

06;
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Cramer—-Rao &

@ T X~p(x|0) BHEIZHEHE
Cramer—Rao A" Z =,
WEE 0= 0(z) TR Eld) =0) DEE

Varg(0) = Gp(6)™

o FisherlEHRE=HEREDRA=DHDORDIFTPLT S
- FEHRIAZ W e RATPTn

o il : X ~B(n,0) (ZIESDH : fEZXIDO
n A
G0 =ga—g =

. n=100,9=0.1—>0:=0.1:|:0.03
» n=100,0=05—60=05+0.05
- 0= 05D AHE LIS W 1 Gp(0.1) > Gr(0.5)
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914 XE
@ N(—4,1) v.s. N(4,1)

@ N(—4,4) v.s. N(4,4)

@ Wassersteinfg# /= & @ L
» BEERICST DL T OIRE
e W2(N(_4a 1)7N(49 1)) = WQ(N(_4’ 4)a N(474)) =38

@ Kullback-Leibler¥ 4 R—J 2V R ETDAD [HEWL]
» FTOANRDIFIC W
» Dkr(N(—4,1),N(4,1)) = 64, Dgy,(N(—4,4),N(4,4)) = 16
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@ Kullback-Leibler¥ 41 /N\—Y TV R 1 ANE
» DIFEORDITRTIIIEHOEY AICL SN

Dy, (157 ‘j) = Dk, (pa Q)
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fRETE T IV DA

o MEHETIL {p(z | 0)} HEMIELEHE D
. Bl 3RS N(y, 02) » 2RTHHEMA (EE)

data ‘ ‘

projection
model

estimate

@ Kullback-Leibler¥ 4 /N\—2 TV RIC & » TE X B4 a#E
(RE - BIRAQE) (IHETROHER & B ICEE (FIRE%)

@ WassersteinfRBE7= & 27
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Estimation with Wasserstein distance
@ projection w.r.t. Wasserstein distance

Ow = argemin Wa(D, pe)

» p: empirical distribution
» cf. projection w.r.t. Kullback-Leibler divergence = MLE

@ Amari and M. (2022): asymptotic distribution of 9W in 1d
location-scale models

» Fisher efficient in Gaussian case
» FLCIEAHERZ M4 KSR

data

projection
model

estimate
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Bayesian predictive density
under Wasserstein loss

(M. and Strawderman, 2021)
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Predictive density problem
X r~px]0), Y~pyl6)

@ predict Y based on X by predictive density p(y | x)
@ plug-in predictive density with estimate 4(z)

ﬁplug—in(y | $) = p(y | é(.’l}))

» cf. AIC considers plug-in of MLE
@ Bayesian predictive density with prior 7(6)

po(y | z) = / p(y | 6)m(0 | z)d6

@ Which predictive density is better ??
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Example: Gaussian
X ~N(8,0%), Y ~N(0,1%)
@ plug-in predictive density with MLE

ﬁplug—in(y | .’L') = N(.’E, 7-2)
@ Bayesian predictive density with uniform prior w(6) = 1
puly | z) = N(z, 0% + 77)

@ Bayesian predictive density has larger variance due to the
uncertainty of 4
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Prediction under Kullback-Leiber loss

@ Kullback-Leibler loss

Dxv(p(y | 6),8(y | 2)) = / Ply [ 6)log ﬁg || 2 W

Proposition (Aitchison, 1975)
Bayesian predictive density minimizes Bayes risk:

pa(y| 2) =argmin [ EolDuw(oly | ), 5ly | 9)Im(6)d8

p

where

Eo[Dce(p(y | 8),5(y | 2))] = / Dy (p(y | 6),5(y | 2))p(x | 8)dz
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Example: Gaussian

X ~N(0,06%), Y ~N(0,7?)
ﬁplug—in(y | l') = N(l’, T2)
pu(y | z) = N(z,0” 4+ 7%)
@ Kullback—Leibler risk
EG[DKL(p(y | 0)’ﬁplug—in(y | x))] = 59

BalDia (o0 |0) oty | )] = 5 og (1+ % )

— Bayesian predictive density has smaller risk
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Geometry of Bayesian prediction under KL loss

@ Komaki (1996): information geometry of Bayesian prediction
@ optimal shift from model = m-curvature

@ Bayesian predictive density attains optimal shift

— For curved model, Bayes is better than plug-in

BRI MICESER
K * N N > 9
i - RAXF RS

BLEE —

-<
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Prediction under Wasserstein loss
@ location-scale model

pel 0= 27 (1), 0= o)

o

Theorem (M. and Strawderman, 2021)
Plug-in predictive density with posterior mean minimizes Bayes risk:

p(y | O:(2)) = arg min Eo[Wa(p(y | 6),5(y | z))?]

b, (z) = / or(0 | £)d0

@ no shift — location-scale model is “flat"
» Indeed, location-scale model is Euclidean (totally geodesic) in

L?-Wasserstein geometry
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Wasserstein—Cramer—Rao inequality
and robustness

(Amari and M., 2023)
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Li-Zhao framework

@ Recently, Li and Zhao (2023) developed Wasserstein
counterparts of information geometric concepts

Kullback—Leibler divergence Wasserstein distance
Fisher score Wasserstein score

Fisher information matrix Wasserstein information matrix

covariance Wasserstein covariance
Cramer-Rao Wasserstein—Cramer—Rao
Fisher efficiency Wasserstein efficiency

@ We investigate their statistical meaning
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Continuity equation

%P(x,t) = —V. - (p(,1)V.2(z))

@ This PDE describes dynamics of measure transport

@ intuition: Many particles are distributed with p(z, t) and they
move with velocity V,®(z)
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Example: 1d linear potential

9 p(a1) =~V - (p(e, 1)V 0(a)

® &(z) =z — V,®(z) =1 (const.)
@ p(z,0) =N(0,1) — p(z,t) = N(¢,1) (shift)

t=20 t=1
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Example: 1d quadratic potential

%p(w,t) = =Vz - (p(z,8)V:®(2))

° &(z) =12 > V,®(z) =2z

@ p(z,0) =N(0,1) = p(z,t) = N(0,t + 1) (expansion)

t=0
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Wasserstein score function
Definition (Li and Zhao, 2023)

Fori=1,...,p, the Wasserstein score function " (z | ) is the
solution of

V.- (p(z | 0)V.0V (z | 0)) = % (@16), Eol@¥(|6)] =0.

V.

@ For infinitesimal 4, the map z — z + V@V (x | 9) is the
optimal transport map from p(x | 8) to p(x | 6 + de;) with
transportation cost

1/2
Walp(z | 0),p(x | 0-+0e,)) = ( [16v.2% @ | o)17pta | e>dx)

» ¢;: 1-th standard unit vector
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Wasserstein information matrix (WIM)
Definition (Li and Zhao, 2023)

The Wasserstein information matrix Gw(8) is the p x p matrix given

by
_ (/ ;Hip(x 16) - 0¥ (z | 9)dx)ij

@ cf. Fisher information matrix

Ge(0) = ( [ ggrta16)- 0% (c | 0)ao)

j
@ (2| 6) = ~-logp(z | 0
J 89
@ inner product = pairing of tangent vector and cotangent vector

» information geometry: m-representation and e-representation
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Wasserstein information matrix (WIM)

Proposition (Li and Zhao, 2023)
Gw(9)ij = Eo[(V. 2} (z | 6)) " (Vo2}" (2 | 9))]

Proposition (Li and Zhao, 2023)
Wa(p(z | 6),p(z | 6 +6))* = 6" Gw(6)d + o(||8]1*)

@ WIM = Hessian of Wasserstein distance

» cf. Fisher information matrix = Hessian of Kullback—Leibler
divergence

@ WIM appears in Otto calculus and Wasserstein gradient flow
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Example: 1d Gaussian

p<x|e>=¢%exp(—%), 0 = (1,0)

@ Wasserstein distance

Wa(p(z | 61),p(z | 62))* = (p1 — p2)? + (01 — 02)°

@ Wasserstein score function
2 2

W o A% _(x—u,) -0
OW(w|6)=o—p, OV(|6)=""E =

@ Wasserstein information matrix
10

@ More generally, 1d location-scale model is Euclidean (totally

geodesic) in L2-Wasserstein geometry
2023711818 @ IBIS2023
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Wasserstein estimator

Definition (Li and Zhao, 2023)

The Wasserstein estimator éw(z) is the zero of the Wasserstein
score function:

OV (z | bw(z) =0, i=1,...,p

@ cf. MLE = zero of the Fisher score function = projection w.r.t.
Kullback—Leibler divergence

@ What does it mean??

» It is different from the projection w.r.t. Wasserstein distance
studied in Amari and M. (2022)
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Elliptically contoured family
p(z | 1, D) = (det T) 2 (1= (2 — w)))

Theorem (Amari and M., 2023)
@ Wasserstein score functions are quadratic
@ Wasserstein estimator = 2nd-order moment estimator

1 & ~ 1
b=% n;x n;(x z)(z; — 7)

(.0 ) N

0)'\6 1 A
L

(I)W(x | 0) B 1 I T 9 1 T "/,,’ >X
o 4 T 1 —9 ) ',‘,,,,,/ \
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Wasserstein covariance & Wasserstein—Cramer—Rao

Definition (Li and Zhao, 2023)

The Wasserstein covariance VarXV[é] of an estimator f is the p x p
positive semidefinite matrix given by

Vary' [0] = (Eo[(V.0:) " (Vo8,)])ss

Theorem (Li and Zhao, 2023)
When § is unbiased (Eq[d] = 6),

Vary' (9) = Gw(0) ™

@ What does it mean??
» cf. usual Cramer—Rao = lower bound of mean squared error
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Wasserstein covariance and robustness

X ~pa|0), Z~q(2)

@ We consider estimation of # from noisy observation X + Z
» E[Z] =0, Var[Z] = 0?1

Theorem (Amari and M., 2023)

Vargv[é] o Var[0(X + Z)]2— Vary[0(X)]
20 o

~ 5 (Covaldu(X), AG(X)] + Covslhy(X), A0,(X)))

v
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Wasserstein covariance and robustness
Corollary (Amari and M., 2023)

It d is quadratic,

. Vary[0(X + Z)] — Varg[0(X)]

) o2

Vary [0] = li

@ Thus, Wasserstein covariance quantifies the robustness against
additive noise of quadratic estimators.

@ e.g. Wasserstein estimator for elliptically contoured family
p(z | %) = (det Z) 2 F(I=72(z — p)ll)
[:L = i =

@ “additive noise": not invariant w.r.t. transformation of x

» noise contamination ~ (random) transportation
2023%1151H @ IBIS2023 35/36



FEHESERDRER

@ Wassersteinfig : XS HMBIDHEHIXEI R b
» BEES (EXRTHNMEE & DZE/) DRMAEE%E RIE

@ Kullback-Leibler¥ 4 R—J 1V R : DHEBORDIT P T
» BEEADEHEBRICDOVWTAE
- [EERAEM D EE (cf. FisherlTHRE)

@ WassersteinFEEE N SEE I NDIMETET L OEMBEE &
RETHIHERI & DEARICDWTER

o IBEE DK - Bt 1E#K D Wassersteinkix 77

> {51l : Cramer—Rao® F[R % EM A BE < BB DR IEDIFFE
NS X —4 (mEERZ)
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Wasserstein statistics in
one-dimensional location-scale models

(Amari and M., 2022)
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Abstract

@ Many estimators can be interpreted as projection w.r.t. some
divergence.
» e.g. maximum likelihood estimator (MLE) = projection w.r.t.
Kullback-Leibler divergence

data

projection
model
/ /

/

/ estimate
/ /

L /
@ Here, we focus on projection w.r.t. Wasserstein distance
(W-estimator) and study its property for one-dimensional
location-scale models.
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Problem setting
Xi,..., Xn~p(z|6)

o task: estimate 6 by § = é(:cl, ceey X))

@ e.g. maximum likelihood estimate (MLE)

0 = arg max logp(z; | 0
MLE ge Z gp(zi | 0)

=1
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MLE = KL projection

@ Kullback—Leibler divergence

Dx1.(p1,p2) = /pl(:v) log z:g;dz

@ empirical distribution
1 n
A I 6 _ ’L
Bz) =~ ; (z — ;)
@ MLE = KL projection (“m-projection” in information geometry)
éMLE = arg;nin Dy (D, po)

data

projection
model

estimate
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W-estimator

@ W-estimator = projection w.r.t. Wasserstein distance

Ow = arggnin Wa(p, ps)

Kullback—Leibler MLE
Wasserstein W-estimator

@ Statistical property of W-estimator has been only partially
investigated.

» cf. Bassetti et al. (2006), Montavon et al. (2015), Bernton et al.
(2019)

@ Here, we focus on one-dimensional location-scale models.
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One-dim. location-scale model
Definition

pel6) =27 (1), 0= o)

@ f(z): pdf with mean 0 and variance 1 (e.g. N(0,1))
— p(x | 6): mean u, variance o2
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W-estimator for one-dim. location-scale model

Theorem

fw = %Zx(i), ow = Zkﬂ(i),
i=1 i=1

where z(;) < z(3) < --- < x(y,) are order statistics of x4, ..., z, and

]

ki = /zi 2f(2)dz, 2z =F! (ﬁ) :

i—

@ [iw: arithmetic mean
@ Gw: linear combination of order statistics (L-statistics)
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Proof

@ Since the optimal coupling of p(z) and p(z | i, o) transports z;
to [u+ 021, p+ 02,

ptoz;

W3 (P, Puo) Z/ (z —z6))*p(z | p,0)dz
W

+o0zi—1
n 1 n
= <N2 - # ;%0) + (02 - 20;@%&) + ﬁzz:

@ It is convex and minimized at

1 n n
= ﬁzlx(i), g = 2]@.’17@).
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Asymptotic distribution of W-estimator

Theorem
W-estimator is 4/n-consistent and

L — 0 o? Tmso?
Vn (&W — 0) =2 ((O) ’ (%m302 }l(m4 —-1o?) )’

where

my = /00 2f(2)dz, m3= /00 2 f(2)dz.

—00 —0o0

@ proof: functional delta method (Donsker’s theorem & L-statistics
theory; van der Vaart, 1998)
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Gaussian case

Corollary

For the Gaussian model (f(z) = N(0, 1)), W-estimator is Fisher
efficient (attains the Cramer—Rao bound):

i (ow=2) 2 ¥((0)- (0 1))

@ proof: my =3, mg =0

@ For general model, W-estimator is not Fisher efficient
» MLE is Fisher efficient
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Simulation result (Gaussian model)

@ (MSE of W-estimator) / (MSE of MLE) for Gaussian model
~ mean square error (MSE): E[(i — p)? + (6 — 0)?]

1.008
1.006
1.004
1.002
1.000

MSE ratio

2 3 4 5 6
log,on

@ The ratio converges to one as n — oo, which indicates that
W-estimator is Fisher efficient
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Simulation result (uniform model)

0 (otherwise)

f(z):{ﬁg (—v3<2< V3)

— W-estimator
--- MLE

log;, MSE
|
ot
T
|

~10|

logon

@ W-estimator: O(n~%/2), MLE: faster than O(n~%/2)

2023115 1H @ IBIS2023

48 /36



Summary

@ W-estimator: projection w.r.t. Wasserstein distance

projection

data

model

estimate

Kullback—Leibler

MLE

Wasserstein

W-estimator

@ We derived the asymptotic distribution of W-estimator for
one-dimensional location-scale models

» Fisher efficient in Gaussian case

@ future problem: advantage over MLE ?? other models ??
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