Theory of Stochastic Processes 2017 S1S2, Midterm Exam (Answer)
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Let 0 < p <1 and ¢ =1 — p. Define a Markov chain S = {S,, },,>0 taking values in {0,1,---} by

ifi>land j=14i4+1,
ifi>1land j=1i-1,
ifi=0and j=1,
otherwise.

P(S, =j|Sn-1=1)=

o3

In other words, S is a simple random walk with the reflecting boundary at 0.

(a) Calculate P(Sy =0 Sy =0). (10 marks)
(b) Let 0 < p < 1/2. Find a stationary distribution of the chain. (10 marks)
(c¢) Let 1/2 < p < 1. Prove that the state 0 is transient. (15 marks)

Answer. (a) Possible paths are

(S0, 51,52, 53,84) =(0,1,2,1,0) or (0,1,0,1,0).

They have probability 1-p-q-q¢=pg> and 1-¢q-1-q = ¢2, respectively. Therefore

P(S4 = O‘SO = 1) = qu + q2.

(b) The equation which determines the stationary distribution is

To = 471, (1)
m = my +qmy  and (2)
T = pmi—1 +qmit1, 2> 2. (3)

The general solution for the recursive equation (3) is
mi=a+b(p/q), i>1,

since the characteristic equation of (3) is A = p + ¢\? and its solutions are A = 1 and A = p/q. Since T;

is a mass function, it should satisfy

Zm— =1 (4)

>0
and therefore the coefficient a must be 0. Now we obtain 7; = b(p/q)®. Then 7g is determined by (1):
mo = gm1 = bg(p/q) = bp.
Finally, the coefficient b is determined by (4):

Sm=bp+ Y b(p/a) =bp+ blp/q) _ p(—p/a+1/q) _ 2bpg _

- =1
i>0 i1 1—p/q 1-p/q q—p

)



and therefore b = (¢ — p)/(2pq). The stationary distribution is

o= and m=L"Ppi (>1).

2q 2pq

(c) (Solution 1: counting paths) Let fo(n) = P(S1 >0,...,5,-1 > 0,5, =0[S; =0) for n > 1 and
fo(0) =0.If >, 54 fo(n) <1, the chain is transient. It is easy to see that fo(n) = 0 for odd n’s. Consider
fo(2n) for n > 1. Let As, be the number of paths satisfying So = 0,57 > 0,...,S2,—1 > 0,55, = 0.
This is obtained by reflection principle as follows. The number of paths with S; =1 and S, 1 = 1 is
(2"_2) and the number of paths with S; =1, So,_1 =1 and Sy = 0 for some 2 < k < 2n — 2 is (2” 2)

n—1 n

by the reflection principle. Therefore

Ay, = <2n—2) _ (271—2) _ (2n—-2)! _ (2n—-2)!  (2n—2)!

n—1 n  (n=1! aln-2)! nln-1

Since each path has the probability p"~1¢™, we have
(2n —2)!

fo(2n) = Aoup" 1" = mpn_lq”.
Their sum is
= (2n — 2)!
ZfOQTL an_:lrsl'(n_l qn
= Z 7’L — 3/271' .. (1/2) 22n—2pn_1qn
= 2 (1/2)(_1/2) n' (_(n — 3/2)) (_1)n—122n—1pn_1qn
e
=5 {1 - Vi=in}
1
=g, — =2
—J 7 if0<p<1/2,
_{UMM1ﬂp<p<L

The chain is transient if (and only if) 1/2 <p < 1.
(Solution 2: using absorbing barrier) Fix b > 1 and consider an event

A=AD)={So <b,...,S-1<b,S, =0 for some n > 0}.

In other words, the event A denotes that the chain reaches the state 0 before reaching the state b. Let
¢; = ¢j(b) = P(A|Sy = j) for each 0 < j <b. Then we have a recursive equation

¢; =pdjt1tapj—1 (1<j<b-1)
with boundary conditions ¢, = 0 and ¢y = 1. The unique solution is

(a/p)’ — (a/p)"

%= (¢/p)®
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By letting b — oo, we have ‘
Jim ¢;(b) = (a/p)’

since ¢/p < 1. Since the event A(b) is increasing in b, we have

P(S,, =0 for some n > 0[Sy =j) =P U AD)|So =7
b>1

blim P(A(b)|So = 4)

Tim g;(b)

(a/p).

In particular,

P(S,, =0 for some n > 1|Sp = 0) = P(S,, =0 for some n > 1|S7 =1) =¢/p < 1.

Note that this result is the same as obtained in Solution 1. Hence S is transient.

(Solution 3: using Theorem 6.4.10 of the book PRP) Consider a system of equations
Yi = DPYi+1 + qi-1, =1, yo=0. (5)

The general solution is ‘
yi=a—alg/p), i=1,

where @ is any real number. In particular, |y;| < 1 for all j > 1 whenever |a| < 1. Hence the chain is
transient by Theorem 6.4.10. Note that the equation (5) is satisfied by y; = ¢; — 1, where ¢; = P(S,, =

0 for some n > 0[Sy = i).

(Solution 4: comparison) Let Y = {Y,,}52, be the simple random walk in the usual sense. Let
T=inf{n>1]5,=0} and U =inf{n>1]|Y, =0}.

Then we have P(T = 2n|Sy = 0) < P(U = 2n|Yy; = 0). Indeed, as shown in the following figure, a

specific path {s;}?, of S has the probability p"~'¢" whereas the corresponding two paths {s;} and

{—5;} of Y have the probability 2p™q™, which is greater than p"~1¢". Since Y is transient, we have
P(T < 0|Sp =0) < P(U < o0|Yy =0) < 1. Hence S, is also transient.

PAERNVAN ZANVAN

A path {s;}7", of S. Two paths {s;}?", and {—s,;}7", of Y.
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Q2 B

Let a,b, ¢ be positive numbers. Define a continuous-time Markov chain {X (¢)};>0 by the generator

—(a+b) a b
G = a —(a+c¢) c
b c —(b+¢)
(a) Find a stationary distribution =« = (my, w2, w3) of the chain. (10 marks)

(b) Suppose that a = b = c. Find the transition matrix P; = (p;;(t)), where

pij(t) = P(X(t) = j | X(0) =1).

(15 marks)
N

Answer. (a) Solve the linear equation wG = 0 with m + 72 + w3 = 1. The equations are

—(a+b)m + amg + bz =0,
am — (a + ¢)m + cmg = 0,
bry + cmg — (b+C)7T3 =0,

T + My + 3 = 1.
Note that a, b, ¢ are positive. By eliminating 73 from the first two equations, we have
{~(a+1) — (b/c)a}m + {a+ (a+c)b/chms = .
We obtain 7 = my. Similarly, we have mo = m3. Therefore my = my = w3 = 1/3.

(Remark) In general, if the state space is finite and the generator G is symmetric, then the uniform

distribution m; = 1/|S| is a stationary distribution, which may not be unique.

(b) The generator is

—2a a a
G = a —2a a
a a —2a

The transition matrix P; is obtained by P; = exp(tG). The spectral decomposition of G is
UV 1NVE VG 0

G=VAV' Vv=[(1/y3 -1/v2 1/V6|, A= —~3a
1/V3 0 —2v/6 —3a

Therefore
P; = exp(tG)
= Vexp(tA) V'
-V ! 673at VT
673at

(1/3) +(2/3)e=3  (1/3) — (1/3)e=3** (1/3) — (1/3)e~3

— [ (1/3) = (1/3)e %t (13) + (2/3)e 39t (1/3) — (1/3)eat
(1/3) = (1/3)e™ (1/3) — (1/3)e"  (1/3) + (2/3)e™>*



3
5 ™
Throw a dice once and let Z; be the number that turned up. Then throw the dice Z; times and let
Z5 be the sum of the numbers that turned up. Similarly, after Z,_; is defined, throw the dice Z,_1
times and let Z,, be the sum of the numbers that turned up. Find the expected value of Z,, for each

n.

(15 marks)
N
Answer. (Solution 1) Let {X[ };>1 n>1 be independent random variables with the probability P(X] =
j) =1/6 for each j =1,...,6. The expected value of X is E[X'] = (14 ---+6)/6 = 7/2. Then Z, is

written as

Zp=XP 4+ X2

n—1"
The expected value is

E[Z,]

BIX? +--+ X5 ]
EEX{ 4+ X3 |Zn]l
E(7/2)Zn-1]

= (1/2)E[Zn—1].

Since Zy = 1, we have E[Z,] = (7/2)™.
(Solution 2) The process Z,, is a branching process with the family size distribution f(k) = 1/6 for
k =1,...,6. The generating function G,(s) of Z, satisfies G,,(s) = G,,—1(G(s)) = G(Gn-1(s)). The
expected value of Z,, is G} (1). In general, we have
GL(1) = G'(Gna(1)G 1 (1)
=G (G, (1)
=(G')"

(see Lemma 5.4.2 of PRP). Since G'(1) = 7/2, we have G),(1) = (7/2)". O



Y )
There are n seats at a table. At each time, a person chooses an empty seat at random in such
a way that both seats next to it are also empty. This process continues until there are no seat

available. Then let X, be the number of the occupied seats. For example, the following figure shows

an outcome when n = 8.

8 available 5 available 3 available no available
X, = 3.
(a) Find the expected value of Xg. (10 marks)
(b) Find the expected value of X,, for every n. (15 marks)

N

Answer. (a) If n = 6, then possible outcomes are (i) Xg = 3 with probability 2/3, or (ii) X¢ = 2 with

probability 1/3 (see the following figure). Therefore the expected value of Xg is

9 18
E[Xg| =3 -242.- =,
[Xel 379373
O @ O __ O
® O @ @
o @ 00

(i) (i)
(b) After a seat is selected, there remain n — 3 seats available in line. Let Y}, be the number of eventually
occupied seats out of the m seats in line. Then we have E[X,,] = 1+ E[Y,,—3]. It is sufficient to calculate
the expected value p,,, = E[Y;,]. By conditioning the first selected seat in the m seats, we have the
following recursive formula:

m

1
m = 1 j— m—j—1), >1,
2 mjz::l( + pj—2 + fm—j—1), m

where 1 = pg = 0. See the following figure.

m
| \
olol Jeleele
Lt
i-2 j m-j-1



It is further rewritten as

M, :m+2Zuj,2, m > 1.
=1

Denote the generating function of p,, by G(s) = Y o°_ pms™. Multiplying s™ to the above equation

and summing up, we have

o0 o0 m
Zmumsm = Z m+2Zﬂj,2 M.
m=1 m=1 7j=1
Since G'(s) = Y o Mty s™ 1, we obtain
[eS) oo m—2
sG'(s) = Z ms™ + 2 Z prs™
m=1 m=3 k=1

We obtain the following differential equation
1 2s

G =g 1

G(s)

The equation is equivalent to

() + (z - 135) G(s) = ﬁ

Since [(2 — 12 )ds = 2s + 2log(1 — s) = log((1 — s)%€*), we have
(1- 8)2625G(8))/ = e%.

The general solution is

14+ Ce 2
G(s) = —F———5
() = Sr—gr

where C' is an arbitrary constant. Since G(0) = 0, the constant is C' = —1. Expand G(s) as

1—e 28
=50
= Sy EU B
i=0 =1 J:
I A [ (m—j+1)(=1)y 12
S (oo,



Therefore

Finally, the expected value of X, is

= N(—1)i— 127
E[X,] =1+ E[Yp_s) =1+ % 3 (n—2- Jj)!(—l) 2

(Remark) Compare the obtained formula with direct calculation. For example,
1/3-2 2.4 18 8
EXgl=1+-(22_ 22, 2°2)_2
Kol =1+3 < 1 > 6 ) 3

is consistent with the result of (a). The following table shows E[X,,] for 1 < n < 10 according to the

formula.
n \1 2 3 45 6 7 8 9 10
8 5735 451
E[X, ‘ 111 2 2 2 o0 20 2
[Xx] 3 3 15 9 105



